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ABSTRACT
We study contextual search, a generalization of binary search in

higher dimensions, which captures settings such as feature-based

dynamic pricing. Standard game-theoretic formulations of this prob-

lem assume that agents act in accordance with a specific behavioral

model. In practice, some agents may not subscribe to the dominant

behavioral model or may act in ways that seem to be arbitrarily
irrational. Existing algorithms heavily depend on the behavioral

model being (approximately) accurate for all agents and have poor

performance even with a few arbitrarily irrational agents.

We initiate the study of contextual search when some of the

agents can behave in ways inconsistent with the underlying behav-

ioral model. In particular, we provide two algorithms, one based on

multidimensional binary search methods and one based on gradi-

ent descent. Our techniques draw inspiration from learning theory,

game theory, high-dimensional geometry, and convex analysis.
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1 INTRODUCTION
We study contextual search, a fundamental algorithmic problem

that extends classical binary search to higher dimensions and has

direct applications to pricing and personalized medicine [4, 11, 27].

In the most standard, linear version of the problem, at every round

𝑡 within a horizon of 𝑇 rounds, some context x𝑡 ∈ R𝑑 arrives.

Associated with this context is an unknown true value 𝑣𝑡 ∈ R,
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which we assume to be a linear function of the context so that

𝑣𝑡 = ⟨𝜽★, x𝑡 ⟩ for some unknown vector 𝜽★ ∈ R𝑑 , called the ground
truth. Based on the observed context x𝑡 , the decision-maker or

learner selects a query 𝜔𝑡 ∈ R with the goal of minimizing some

loss that depends on the query as well as the true value; examples

include the absolute loss, |𝑣𝑡−𝜔𝑡 |, and the Y-ball loss,1{|𝑣𝑡−𝜔𝑡 | > Y},
both of which measure discrepancy between 𝜔𝑡 and 𝑣𝑡 . Finally, the

learner observes whether or not 𝑣𝑡 ≥ 𝜔𝑡 , but importantly, the true

value 𝑣𝑡 is never revealed, nor is the loss that was suffered.

For example, in feature-based dynamic pricing [11, 26, 27, 33],

say, of Airbnb apartments, each context x𝑡 describes a particular
apartment with components, or features, providing the apartment’s

location, cleanliness, and so on. The true value 𝑣𝑡 is the price an

incoming customer or agent is willing to pay, which is assumed to

be a linear function (defined by 𝜽★) of x𝑡 . Based on x𝑡 , the platform
decides on a price 𝜔𝑡 . If this price is less than the customer’s value

𝑣𝑡 , then the customer makes a reservation, yielding revenue𝜔𝑡 ; oth-

erwise, the customer passes, generating no revenue. The platform

observes whether the reservation occurred (that is, if 𝑣𝑡 ≥ 𝜔𝑡 ). The

natural loss in this setting is called the pricing loss, which captures

how much revenue was lost relative to the maximum price that the

customer was willing to pay.

A key challenge in contextual search is that the learner only

observes binary feedback, i.e., whether or not 𝑣𝑡 ≥ 𝜔𝑡 . This contrasts

with classical machine learning where the learner observes either

the entire loss function (full feedback) or only the loss itself for just

the chosen query (bandit feedback).

The above model makes the strong assumption that the feedback

is always consistent with the ground truth, typically called full
rationality in behavioral economics. This is not always realistic.

The assumption that the agent’s value is described by a linear

model may be violated to some degree. Moreover, some agents

may behave in ways not prescribed by the dominant behavioral

model, or may deviate from it for idiosyncratic reasons. Although

some prior works allow for some benign, stochastic noise (see

related work below), these techniques are generally not robust to

any interference that is adversarial, and therefore cannot address

settings where some agents may act in ways that are irrational with
respect to the underlying ground truth.

In this paper, we present the first contextual search algorithms

that can handle adversarial noise models. In particular, we allow

some agents to behave in ways that are arbitrarily inconsistent with

the ground truth and thereby seem irrational. Inspired by the recent
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line of work on stochastic learning with adversarial corruptions

[2, 7, 10, 19, 25, 28, 29, 41], we impose no assumption on the order in

which irrational agents arrive and aim for guarantees that gracefully

degrade according to the prevalence of such irrationality while

attaining near-optimal guarantees when all agents are fully rational.

1.1 Our Contributions and Techniques
We first provide a unifying framework encompassing disparate

behavioral models determining agent responses and various loss

functions – specifically, the absolute, the Y-ball, and the pricing

loss. In particular, we assume that the agent behaves according to a

perceived value �̃� and the precise behavioral model determines the

transformation from true to perceived value. The loss functions can

depend on either the true value (to capture parameter estimation

objectives) or the perceived value (for pricing objectives). This

formulation allows us to capture arbitrarily irrational agents, a

setting not studied in prior work. Ourmodel also captures stochastic

noise settings studied in prior work such as bounded rationality.
As a starting point, we create a variant of gradient descent based

on a proxy loss and show that it achieves a regret guarantee of

O(
√
𝑇 + 𝐶) for the absolute loss, and O((

√
𝑇 + 𝐶)/Y) for the Y-

ball loss, where 𝐶 is the unknown number of rounds on which the

corresponding agent acts inconsistently with the ground truth. This

algorithm is simple, based on known techniques, and runs in linear

time; that said, it does not provide the state-of-the-art logarithmic

regret guarantees for𝐶 ≈ 0 and most importantly it does not extend

to non-Lipschitz loss functions, like the pricing loss. We discuss

this algorithm formally in the full version.

Our main result is an algorithm that works for all of the afore-

mentioned loss functions (Y-ball, absolute, pricing) and applies to a

variety of behavioral models. We prove that, with probability 1 − 𝛿 ,
this algorithm suffers a relative degradation in performance or re-
gret of O((1+𝐶) ·𝑑3 · poly log(𝑇 /𝛿)). Our guarantee is logarithmic

in the time-horizon, as is typical in binary search methods when

𝐶 ≈ 0, and degrades gracefully as 𝐶 becomes larger. Our algorithm

builds on the ProjectedVolume algorithm of Lobel, Paes Leme,

and Vladu [27] which is optimal for the Y-ball loss when 𝐶 = 0.

Our main technical advance is a method for maintaining a set of

candidates for 𝜽★, successively removing candidates by hyperplane

cuts while ensuring that 𝜽★ is never removed. When 𝐶 = 0, this is

done via ProjectedVolume [27] which removes all parameters 𝜽
that are inconsistent with the query response in a way that each

costly query guarantees enough progress, measured via the volume

of the set of remaining parameters. However, when some responses

are corrupted, such an aggressive elimination method runs the risk

of removing the ground truth 𝜽★ from the parameter space.

To deal with this key challenge, we run the algorithm in epochs,

each corresponding to one query of ProjectedVolume, and only

proceed to the next epoch if we can find a halfspace that both makes

volumetric progress and does not eliminate 𝜽★. We start from an

easier setting where we assume access to a known upper bound 𝑐

on the number of corrupted responses (𝐶 ≤ 𝑐) and only move to

the next epoch and its respective knowledge set when we can find

a halfspace making enough volumetric progress that includes all

parameters that are misclassified by at most 𝑐 queries. Note that

𝜽★ is consistent with all non-corrupted responses, and hence, it is

always included in the new knowledge set (as it can only suffer at

most 𝑐 misclassifications).

To avoid being fooled by corrupted responses, we face several

challenges. First, even after arbitrarily many queries, we cannot

guarantee that one of them induces such a halfspace. Interestingly,

when we do not restrict ourselves to the halfspaces associated with

one particular query but allow for improper cuts, we can use ideas

from convex analysis (specifically, the Carathéodory theorem) to

show that one such query exists after collecting O(𝑑2𝑐) queries. In
particular, we identify a point in the parameter space that is outside

of a convex body including all the protected parameters (the ones
with misclassification at most 𝑐) and the separating hyperplane

theorem implies the existence of the desired cut.

A second challenge is that the above argument is only existential

and does not suggest a direct way to compute the halfspace. To

deal with this, we use geometric techniques (in particular, volume

cap arguments) to provide a sampling process that, with significant

probability, identifies a point q that is sufficiently far from the

aforementioned separating hyperplane. We can then compute this

hyperplane by running the classic learning-theoretic Perceptron

algorithm repeatedly using points sampled from this process.

There are two remaining, intertwined challenges. On the one

hand, the running time of Perceptron depends on the number of sub-

regions created by removing all possible combinations of 𝑐 queries

which is exponential in 𝑐 . On the other hand, our algorithm needs

to be agnostic to 𝐶 . We deal with both of these via a multi-layering

approach introduced in [28] that runs multiple parallel versions of

the aforementioned algorithm with only 𝑐 ≈ log𝑇 . This results in

a final algorithm that is quasipolynomial in the time horizon and

does not assume knowledge of 𝐶 .

1.2 Related Work
Our work is closely related to the problem of dynamic pricing when
facing an agent with unknown demand curve (see [13] for a survey).

The single-dimensional case has been studied both from a paramet-

ric model standpoint ([8, 12, 14, 22, 24]), and a non-parametric one

with the goal of regret minimization. Our work falls in the second

category, where Kleinberg and Leighton [23] first formulated the

problem. Besbes and Zeevi considered a similar dynamic pricing

setting with inventory constraints [5]. Mohri and Munoz-Medina

[31] and Feldman, Koren, Livni, Mansour, and Zohar [16] consider

extensions where the agents are long-living and strategic over time.

Recently, Cesa-Bianchi, Cesari, and Perchet [9] studied a variant,

where there is more than one demand curves.

Moving from the single- to the higher-dimensional case, there

have been mainly two families of algorithms. The more classical

approach involves statistical methods based, for example, on linear

regression and the central limit theorem [1, 3, 4, 17, 18, 20, 32, 35, 38].

This line of work does not deal with adversarial contexts and tends

to obtain performance loss of the order of

√
𝑇 , but allows for some

stochastic noise in the behavior of the agents (bounded rationality).
Closer to our work are approaches based on multidimensional

binary search. This line of work was introduced by Cohen, Lobel,

and Paes Leme [11] who studied contextual pricing with adversarial

contexts. Their results were improved for the Y-ball loss [27] and the

pricing loss [26, 33]. Mao, Paes Leme, and Schneider [30] studied
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a variant of the standard contextual pricing problem, where the

buyers’ utilities are Lipschitz, rather than linear in the contexts.

With respect to stochastic noise models, [11] extend their results to

a stochastic noise model which we also discuss in Section 2.2.
1
A

concurrent work by Liu, Paes Leme, and Schneider [26] also extends

results for the absolute loss to a stochastic noise model where the

feedback is flipped. However, all of the aforementioned works, both

the statistical and the binary search approaches, do not extend to

adversarial noise models such as the one we consider.

The single-dimensional version of our problem bears similarities

to Ulam’s game [40], where one wants to make the least number of

queries to an opponent in order to identify a target number among

𝑛 ordered numbers. The opponent can only inform the player that

the queried point is larger/smaller than the target, and may lie at

most𝐶 times over the course of the game, where𝐶 is known to the

learner ([39], see also [34] for a survey). Rivest, Meyer, Kleitman,

Winklmann, and Spencer [36] provide the optimal solution for this

problem which is Θ(log𝑛 + 𝐶 log log𝑛 + 𝐶 log𝐶). This question
is also related with works in noisy binary search [21]. Although

Ulam’s game can be interpreted as the single-dimensional version

of the contextual search problem that we are solving, the techniques

presented in [36] require exponential computation time for higher

dimensions. To the best of our knowledge, adversarial noise models

have not been studied for binary search in higher dimensions. Our

work can be viewed as a contextual multidimensional version of

Ulam’s game that also does not assume knowledge of 𝐶 .

Our work also incorporates ideas from the recent literature on

bandit learning with adversarial corruptions; indeed, we use “cor-

ruptions” to model our adversarially irrational agents. Learning in

the presence of adversarial corruptions was introduced by Lykouris,

Mirrokni, and Paes Leme [28] for stochastic multi-armed bandits

and their results have been subsequently strengthened by Gupta,

Koren, and Talwar [19] and Zimmert and Seldin [41]. This line of

work has been extended to several other settings [2, 7, 10, 25, 29].

Our work differs from these in that we use adversarial corruptions

as amodeling tool to capture arbitrarily irrational agent behavior in
game-theoretic settings.

2
On a technical level, our setting involves a

continuous action space which requires new analytical tools, while

all prior results involve discrete (potentially large) action spaces.

2 MODEL
In this section, we provide a general framework (Section 2.1) that

allows us to study contextual search under different behavioral

models (Section 2.2) and different loss functions (Section 2.3).

2.1 Protocol
We consider the following repeated interaction between the learner

and nature. Following classical works in contextual search [11, 27,

33] we assume that the learner has access to a parameter spaceK =

{u ∈ R𝑑 : ∥u∥2 ≤ 1} and a context space X = {x ∈ R𝑑 : ∥x∥2 = 1}.
We denote by Ω = R the decision space of the learner and byV = R
a value space; in the pricing setting, Ω can be thought of as the set

of possible prices available to the learner andV as a set of values

1
Models of stochastic noise have also been considered for the problem of binary search

in graphs in [15].

2
[10] also consider a behavioral setting, but do not make a connection to irrationality.

associated with incoming agents. Domain V helps express both

the true value of the agents and the perceived value driving their

decisions. Finally, we consider a behavioral model determining the

transformation from the agent’s true value to a perceived value that
drives the decision at each round. All of the above are known to

the learner throughout the learning process.

The setting proceeds for𝑇 rounds. Before the first round, nature

chooses a ground truth 𝜽★ ∈ K ; this is fixed across rounds and

is not known to the learner. This ground truth determines both

the agent’s true value function 𝑣 : X → V and the learner’s loss

function ℓ : Ω × V × V → [0, 1]. We note that both value and

loss functions are also functions of the ground truth 𝜽★; given that

𝜽★ is fixed throughout this process, we drop the dependence on

𝜽★ to ease notation. The functional form of both 𝑣 (·) and ℓ (·) as
a function of the ground truth 𝜽★ is known to the learner but the

learner does not know 𝜽★. For each round 𝑡 = 1, . . . ,𝑇 :

(1) Nature chooses (potentially adaptively and adversarially)

and reveals context x𝑡 ∈ X.
(2) Nature chooses but does not reveal a perceived value �̃�𝑡 ∈ V

based on the behavioral model.

(3) Learner selects query point𝜔𝑡 ∈ Ω (in a randomizedmanner)

and observes 𝑦𝑡 = sgn (�̃�𝑡 − 𝜔𝑡 ). 3
(4) Learner incurs (but does not observe) loss: ℓ (𝜔𝑡 , 𝑣 (x𝑡 ), �̃�𝑡 ) ∈
[0, 1].

Nature is an adaptive adversary (subject to the behavioral model),

i.e., it knows the learner’s algorithm along with the realization of

all randomness up to and including round 𝑡 − 1 (i.e, it knows all

𝜔𝜏 ,∀𝜏 ≤ 𝑡 − 1), but does not know the learner’s randomness at the

current round 𝑡 . Moreover, the learner only observes the context x𝑡
and the binary variable 𝑦𝑡 (Steps 1 and 3 of the protocol), and has

access to neither the perceived value �̃�𝑡 nor the loss ℓ (𝜔𝑡 , 𝑣 (x𝑡 ), �̃�𝑡 ).
Finally, in the pricing setting, 𝑦𝑡 corresponds to whether the agent

associated with round 𝑡 made a purchase or not.

The above protocol unifies contextual search under general be-

havioral models and loss functions. In Section 2.2, we discuss the

different behavioral models we consider that determine the agents’

perceived values (Step 2 in the protocol). In Section 2.3, we discuss

the main loss functions for this setting (Step 4 in the protocol) as

well as the corresponding performance metrics.

2.2 Behavioral Models
We assume that the agents’ true value function is 𝑣 (x) = ⟨x, 𝜽★⟩ for
any x ∈ X (i.e., independent of the agent’s behavioral model). The

behavioral model affects the perceived value �̃� at round 𝑡 , which

then affects both the loss incurred and the feedback observed by the

learner. The behavioral model that is mostly studied in contextual

search works is full rationality. This assumes that agents always

behave according to their true value, i.e., �̃�𝑡 = 𝑣 (x𝑡 ) = ⟨x𝑡 , 𝜽★⟩. In
learning-theoretic terms, this consistency with respect to a ground

truth is typically referred to as realizability.
Our main focus in this work is the study of a behavioral model

that we call adversarial irrationality. There, nature selects the rounds
where the irrational agents arrive (𝑐𝑡 = 1 if irrational agents arrive,

else 𝑐𝑡 = 0), together with an upper bound 𝐶 on this number of

rounds (i.e.,

∑
𝑡 ∈[𝑇 ] 𝑐𝑡 ≤ 𝐶). Neither the sequence {𝑐𝑡 }𝑡 ∈[𝑇 ] nor

3
sgn( ·) is the sign function, i.e., sgn(𝑥) = 1 if 𝑥 ≥ 0 and −1 otherwise
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the number𝐶 are ever revealed to the learner. If 𝑐𝑡 = 0, then nature

is constrained to �̃�𝑡 = 𝑣 (x𝑡 ), but can select adaptively and adversar-

ially �̃�𝑡 if 𝑐𝑡 = 1. This model is inspired by the model of adversarial

corruptions in stochastic bandit learning [28].

Our results extend to bounded rationality which posits that

the perceived value is the true value plus some noise parameter.

The noise parameter is drawn from a 𝜎-subgaussian distribution

subG(𝜎), fixed across rounds and known to the learner, i.e., nature

selects it before the first round and reveals it. At every round 𝑡 a re-

alized b𝑡 ∼ subG(𝜎) is drawn, but b𝑡 is never revealed to the learner.
The agent’s perceived value is then �̃�𝑡 = 𝑣 (x𝑡 ) + b𝑡 . This stochastic
noise model has been studied in the contextual search literature as

a way to incorporate idiosyncratic market shocks [11]. Our results

for this behavioral model can be found in the full version.

2.3 Loss Functions and Objective
We study three variants for the learner’s loss function: the Y-ball, the

absolute, and the pricing loss. Abstracting away from 𝑡 subscripts

and dependencies on x, the loss ℓ (𝜔, 𝑣, �̃�) evaluates the loss of a
query 𝜔 when the true value is 𝑣 and the perceived value is �̃� .

The first class of loss functions includes parameter estimation

objectives that estimate the value of 𝜽★. One such function is the Y-
ball loss which is defined with respect to an accuracy parameter Y >

0. The Y-ball is 1 if the difference between the query point𝜔 and the

true value 𝑣 is larger than Y and 0 otherwise. Formally, ℓ (𝜔, 𝑣, �̃�) =
1 {|𝑣 − 𝜔 | ≥ Y}. Another parameter estimation loss function is the

absolute or symmetric loss that captures the absolute difference

between the query point and the true value, i.e., ℓ (𝜔, 𝑣, �̃�) = |𝑣 − 𝜔 |.
The aforementioned loss functions are unobservable to the learner

as the true value 𝑣 is latent; this demonstrates that binary feedback

does not offer strictly more information than the bandit feedback

as the latter reveals the loss of the selected query.

Another important objective in pricing is the revenue collected

which is the price 𝜔 in the event that the purchase occurred, i.e.,

�̃� ≥ 𝜔 . This can be expressed based on observable information

by setting a reward equal to 𝜔 when �̃� ≥ 𝜔 and 0 otherwise, i.e.,

𝜔 ·1{�̃� ≥ 𝜔}. However, this expression does not convey that query-

ing 𝜔 = �̃� is optimal and does not enable logarithmic performance

guarantees that are typical in binary search. A loss function exploit-

ing this structure is the pricing losswhich is defined as the difference
between the highest revenue that the learner could have achieved

at this round (the agent’s perceived value �̃�) and the revenue that

the learner currently receives, i.e., 𝜔 if a purchase happens, and 0

otherwise. The outcome of whether a purchase happens or not is

tied to whether 𝜔 is higher or smaller than the perceived value �̃� .

Putting everything together: ℓ (𝜔, 𝑣, �̃�) = �̃� − 𝜔 · 1 {�̃� ≥ 𝜔} .
We remark that the Y-ball and the absolute loss depend only

on the true value 𝑣 (and not the perceived value �̃�); indeed, when

these losses are considered �̃� affects only the feedback that the

learner receives. That said, we define ℓ (·, ·, ·) with three arguments

for unification purposes, since the pricing loss does depend on the

feedback that the learner receives (and hence, on �̃�).

The learner’s goal is to minimize a notion of regret. For adversar-

ially irrational agents, the loss of the best-fixed action in hindsight

is at least 0 and at most 𝐶 . Hence, to simplify exposition for the

case of adversarially irrational agents we slightly abuse notation

and conflate the loss and the regret:

𝑅(𝑇 ) =
∑

𝑡 ∈[𝑇 ]
ℓ (𝜔𝑡 , 𝑣 (x𝑡 ), �̃�𝑡 ). (1)

It is no longer possible to provide sublinear guarantees for the

quantity defined in Equation (1) when facing boundedly rational

agents. For these agents we slightly relax the benchmark that we

are comparing against. We defer the more careful definition of the

regret in these cases to the full version.

3 MAIN IDEAS OF ALGORITHM & ANALYSIS
In this section, we provide an algorithmic scheme that handles all

the aforementioned behavioral models and loss functions. Our main

result is an algorithm, which we term CorPV.AI for the adversarial

irrationality behavioral model when there is an unknown upper

bound 𝐶 on the number of irrational agents. The regret of this

algorithm is upper bounded by the following theorem.

Theorem 3.1. For an unknown corruption level𝐶 , and any 𝛽 > 0,

CorPV.AI incurs regret O(𝑑3 · log(𝑇/𝛽) · log(𝑑/Y) · log(1/𝛽) · (log𝑇 +
𝐶)) for the Y-ball loss, and, setting Y = 1/𝑇 , O(𝑑3

log(𝑑𝑇 ) log(𝑇/𝛽) ·
(log𝑇 +𝐶) log(1/𝛽)) for the absolute and pricing loss with proba-

bility at least 1 − 𝛽 . The expected runtime of the algorithm is quasi-

polynomial; in particular, it is O((𝑑2
log𝑇 )poly log𝑇 ·poly(𝑑, log𝑇 )).

We now introduce the main algorithmic and analytical ideas

behind the above theorem and defer its complete proof to the full

version.

A useful intermediate setting is the case where we know an

upper bound 𝑐 on the number of adversarial agents, i.e., 𝐶 ≤ 𝑐;

we refer to this case as the 𝑐-known-corruption setting. This allows

us to introduce our key ideas and serves as a building block to-

wards CorPV.AI (Section 3.2). In Section 3.1, we highlight the novel

insights in our work, by focusing on a simplified version of our

CorPV.Known algorithm for the 𝑐-known corruption setting. We

refer to this simplified algorithm as CorPV.Known.Simple and dis-

cuss additional complexities in moving from it to CorPV.Known

in Section 3.3.

3.1 The Known-Corruption Algorithm
CorPV.Known.Simple (Algorithm 1) builds on the algorithm of

Lobel, Paes Leme, and Vladu [27] called ProjectedVolume, which

is optimal in terms of regret for the Y-ball loss when 𝑐 = 0. The

main idea in ProjectedVolume is to maintain a knowledge set K𝑡
which includes all candidate parameters 𝜽 that are consistent with
what has been observed so far. The true parameter 𝜽★ is always

consistent (and therefore is never eliminated from the knowledge

set), and the volume of the knowledge set is intuitively a measure

of progress for the algorithm.

Given a context x𝑡 , there are two scenarios. Before we describe

them, we define the width of a body K on direction x as𝑤 (K, x) =
sup𝜽 ,𝜽 ′∈K ⟨𝜽 − 𝜽 ′, x⟩. If the width of the knowledge set in the di-

rection of x𝑡 is 𝑤 (K𝑡 , x𝑡 ) ≤ Y, then the algorithm can make an

exploit query 𝜔𝑡 = ⟨x𝑡 , 𝜽 𝑡 ⟩ for any point 𝜽 𝑡 ∈ K𝑡 thereby guar-

anteeing an Y-ball loss equal to 0. Otherwise, if𝑤 (K𝑡 , x𝑡 ) > Y, the

algorithm queries the point 𝜔𝑡 = ⟨x𝑡 ,𝜿★𝑡 ⟩, where 𝜿★𝑡 is the centroid

of K𝑡 defined as 𝜿★𝑡 = 1

vol(K𝑡 )
∫
K𝑡

u𝑑u, where vol(·) denotes the
volume of a set. This is called an explore query. By querying this
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point, the algorithm learns that 𝜽★ lies in one of the two halfspaces

passing through 𝜿★𝑡 with normal vector x𝑡 , so it can update the

knowledge set by taking intersection with this halfspace. We use

(h, 𝜔), H+ (h, 𝜔), and H− (h, 𝜔) to denote the hyperplane with nor-

mal vector h ∈ R𝑑 and intercept 𝜔 , and the positive and negative

halfspaces it creates with intercept 𝜔 , i.e., {x ∈ R𝑑 : ⟨h, x⟩ ≥ 𝜔}
and {x ∈ R𝑑 : ⟨h, x⟩ ≤ 𝜔}, respectively. By properties of 𝜿★𝑡 , the
volume of the updated knowledge set is a constant factor of the

initial volume, leading to geometric volume progress.

Having described ProjectedVolume, which works when there

are no corruptions, we turn to our algorithm. The problem is that,

even when there are few corruptions, ProjectedVolume may

quickly eliminate 𝜽★ from K𝑡 . To deal with this, we run the al-

gorithm in epochs consisting of multiple queries. The goal of the

epochs is to ensure that 𝜽★ is never eliminated from the knowledge

set and that, at the end of the epoch, we make enough volumetric

progress on the latter’s size. We face three important design de-

cisions, discussed separately below: what occurs inside an epoch,

when to stop an epoch, and how to initialize the next one.

What occurs within an epoch? CorPV.Known.Simple (Algo-

rithm 1) outlines what happens within an epoch 𝜙 . The knowledge

set is updated only at its end; this means that all rounds 𝑡 in epoch 𝜙

have the same knowledge setK𝜙 (and hence, the same centroid 𝜿★
𝜙
).

If the width of the knowledge set in the direction of x𝑡 is smaller

than Y, then, as in ProjectedVolume, we make an exploit query
precisely described in Section 3.3. Otherwise, we make an explore
query 𝜔𝑡 = ⟨x𝑡 ,𝜿★𝜙 ⟩. The epoch keeps track of all explore queries

that occur within its duration in a setA𝜙 . When it ends (𝜙 ′ = 𝜙 +1),
the knowledge set K𝜙+1 of the new epoch is initialized. Sets 𝐿𝜙
and 𝑆𝜙 contain what we call the large and the small dimensions of

epoch 𝜙 respectively. Loosely speaking, these are the dimensions

where the width of K𝜙 is larger (and smaller, respectively) than

some scalar 𝛿 > 0, specified in Section 3.3.
4

ALGORITHM 1: CorPV.Known.Simple

Global parameters: Budget 𝑐 , accuracy Y
Initialize 𝜙 = 1,K𝜙 ← K, 𝑆𝜙 ← ∅, 𝜿★

𝜙
← centroid(K𝜙 ) ,

𝐿𝜙 ← orthonorm-basis(R𝑑 ),A𝜙 ← ∅
for 𝑡 ∈ [𝑇 ] do

Observe context x𝑡 .
if 𝑤 (K𝜙 , x𝑡 ) ≤ Y or 𝐿𝜙 = ∅ then

Select query point 𝜔𝑡 = CorPV.Exploit(x𝑡 ,K𝜙 )
else
(𝜙′,A𝜙 ) ← CorPV.Explore(x𝑡 , 𝜙,𝜿★

𝜙
, 𝐿𝜙 ,A𝜙 )

if 𝜙′ = 𝜙 + 1 then ⊲ epoch changed

Compute separating cut:

(h̃, 𝜔) ← CorPV.SeparatingCut(𝜿★
𝜙
, 𝑆𝜙 , 𝐿𝜙 ,A𝜙 )

Make updates (K𝜙+1, 𝑆𝜙+1, 𝐿𝜙+1) ←
CorPV.EpochUpdates(K𝜙 , 𝑆𝜙 , 𝐿𝜙 , h̃, 𝜔)

Initialize next epoch: 𝜙 ← 𝜙′, 𝜿★
𝜙
← centroid(K𝜙 ) , and

and A𝜙 ← ∅.

4
The reason why 𝐿𝜙 and 𝑆𝜙 are needed is that, in reality we do not work directly with

K𝜙 but rather with a cylindrified version that allows us to deal with contexts along

directions where the knowledge set is thin. Since this introduces complications not

essential in understanding our techniques, we defer this distinction to Section 3.3.

CorPV.Explore (Algorithm 2) describes how we handle an ex-

plore query. When 𝑐 = 0, we can eliminate the halfspace that lies in

the opposite direction of the feedback 𝑦𝑡 after each explore query.

However, when 𝑐 > 0, this may eliminate 𝜽★. Instead, we keep all

explore queries that occurred in epoch 𝜙 as well as the halfspace

consistent with the observed feedback in A𝜙 and wait until we

have enough data to identify a halfspace of the knowledge set that

includes 𝜽★ and makes sufficient volumetric progress; we refer to

this as a separating cut. We then move to epoch 𝜙 ′ = 𝜙 + 1. In terms

of notation, we clarify that Π𝐿𝜙 x𝑡 corresponds to the projection of

feature vector x𝑡 onto the set of large dimensions 𝐿𝜙 .

ALGORITHM 2: CorPV.Explore
Parameters: x𝑡 , 𝜙 , 𝜿★

𝜙
, 𝐿𝜙 , A𝜙

Select query point 𝜔𝑡 = ⟨x𝑡 ,𝜿★
𝜙
⟩ and observe feedback 𝑦𝑡 .

Update explore queries: if 𝑦𝑡 = +1: A𝜙 ← A𝜙

⋃
H+

(
Π𝐿𝜙

x𝑡 , 𝜔𝑡

)
else A𝜙 ← A𝜙

⋃
H−

(
Π𝐿𝜙

x𝑡 , 𝜔𝑡

)
.

if |A𝜙 | ≥ 𝜏 then ⊲ 𝜏 := 2𝑑 · 𝑐 · (𝑑 + 1) + 1

Move to next epoch 𝜙′ ← 𝜙 + 1.

else Stay in the same epoch 𝜙′ ← 𝜙 .

return (𝜙′,A𝜙 )

When does the epoch end? It turns out that 𝜏 = 2𝑑 · 𝑐 · (𝑑 + 1) + 1

explore queries suffice to identify such a separating cut. In particular,

it suffices to ensure that all candidate parameters 𝜽 on its negative

halfspace are misclassified by at least 𝑐 + 1 explore queries; since

there are at most 𝑐 corruptions, this guarantees that 𝜽★ is not

incorrectly eliminated. In other words, if the set of all candidate

parameters 𝜽 that are misclassified by at most 𝑐 explore queries

are on the non-eliminated halfspace of the hyperplane, then this

hyperplane can serve as separating cut. We refer to the set of these

parameters as the 𝑐-protected region P(𝑐) as we ensure that they
are not eliminated. We note that this region may be non-convex as

shown in Figure 1 where P(𝑐) is the blue area.
One key technical component in our analysis is to show that,

after 𝜏 = 2𝑑 · 𝑐 · (𝑑 + 1) + 1 explore queries, there exists a point p★

close to 𝜿★
𝜙
that is outside the convex hull of the protected region. A

cut that separates the point p★ from the convex hull of the protected

region then exists because of the separating hyperplane theorem

and implies enough volumetric progress.

To prove this technical component, we introduce the notion of

undesirability level which counts the number of misclassifications

for points in K and we show that there exists one point p★ with

undesirability level larger than 𝑐 + 1. For the latter, we use the

Carathéodory’s theorem, i.e., that each point in the convex hull of

P(𝑐) (p ∈ conv(P(𝑐))), denoted by the horizontal-line patterned

area in Figure 1, can be written as a convex combination of 𝑑 + 1

points from P(𝑐). Since the undesirability level of any point p ∈
conv(P(𝑐)) is at most 𝑐 and any undesirability of a point in the

convex hull can be tracked to undesirability in one of these 𝑑 + 1

points in P(𝑐), once a point has undesirability of (𝑑 + 1) · 𝑐 + 1,

it is no longer in the conv(P(𝑐)). Hence, the number of rounds

needed to certify the existence of the separating hyperplane is

contingent on the existence of a point with undesirability more

than (𝑑 + 1)𝑐 . To do so, we consider 2𝑑 auxiliary points (called
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“landmarks”) and we guarantee that at each round at least one of
them gets one misclassification. By the pigeonhole principle, this

means that after 2𝑑𝑐 (𝑑 + 1) rounds, at least one of the landmarks

has undesirability at least 𝑐 (𝑑 + 1) + 1. Moving forward we call

this point p★ (see Figure 2). This outline explains the reason why

we pick up the additional 𝑑2
factor in the regret compared to the

ProjectedVolume algorithm in [27].

𝜿★
𝜽★

p

p̂

p̃

Figure 1: Pictorial representation of Carathéodory’s theo-
rem in two dimensions. The ellipsoid corresponds to the cur-
rent knowledge set K . The blue area corresponds to the 𝑐-
protected region,P(𝑐). The patterned area corresponds to its
convex hull, conv(P(𝑐)). Point p ∈ conv(P(𝑐)) can be written
as a convex combination of points p̂, p̃ ∈ P(𝑐).

How do we initialize the next epoch? Since the existence of

the separating cut is established, if we were able to compute this

cut, we would be able to compute the knowledge set of the next

epoch by taking its intersection with the positive halfspace of the

cut. However, the separating hyperplane theorem provides only an

existential argument and no direct way to compute the separating

cut. To deal with this, recall that the separating cut should have

p★ on its negative halfspace and the whole protected region in its

positive halfspace. To compute it, we use the Perceptron algorithm

[37], which is typically used to provide a linear classifier for a set

of (positive and negative) points in the realizable setting (i.e., when
there exists a hyperplane that correctly classifies these points).

Perceptron proceeds by iterating across the points and suggesting a

classifier. Every time that a point is misclassified, Perceptron makes

an update. If the entire protected region is classified as positive

and p★ as negative by Perceptron, then we return its hyperplane

as the separating cut; otherwise we feed one point that violates

the intended labeling to Perceptron, which makes a mistake and

updates its classifier. The main guarantee of Perceptron is that, if

there exists a classifier with margin of 𝛾 > 0 (i.e., smallest distance

to any data point is 𝛾 ), the number of mistakes that Perceptron

makes is at most of the order of 1/𝛾2
.

The problem is that we do not know p★ and, even if we deal with

this, p★ does not necessarily have a large enough margin from the

protected region. To overcome this, we provide a sampling process

that with big enough probability identifies a different point q, in
the vicinity of p★, whose margin to the protected region is lower

bounded by 𝛾 . If q does have the desired margin, the mistake bound

of Perceptron controls the running time needed to identify the

separating hyperplane. Otherwise, we proceed with a new random

point. This takes care of the margin-problem of p★.
To pin down p★, we construct a set of points Λ𝜙 , which we call

landmarks, such that at least one of them is outside of the convex

hull of the protected region. We runmultiple versions of Perceptron,

each with a random p★ ∈ Λ𝜙 and a point q randomly selected in

a ball around p★ of an appropriately defined radius Z , which we

denote by B𝐿𝜙 (p★, Z ). 5 If q has a big enough margin 𝛾 then the

mistake bound of Perceptron ensures that CorPV.SeparatingCut

(Algorithm 3) returns the separating cut.

ALGORITHM 3: CorPV.SeparatingCut
Parameters: 𝜿★

𝜙
, 𝑆𝜙 , 𝐿𝜙 ,A𝜙 ⊲ size of small dimensions 𝛿 := Y

4(𝑑+
√
𝑑 )

Fix landmarks Λ𝜙 =

{
𝜿★
𝜙
± ā · 𝑒𝑖 , ∀𝑒𝑖 ∈ 𝐸𝜙

}
where 𝐸𝜙 is an

orthonormal basis on 𝐿𝜙 and ā = Y−2

√
𝑑 ·𝛿

4

√
𝑑

while true do
Initialize Perceptron to (h̃, 𝜔) and mistake counter to𝑀 = 0.

Sample a random point q from ball B𝐿𝜙 (p
★, Z ) with radius Z = ā

around random p★ ∈ Λ𝜙 .

while𝑀 < 𝑑−1

Z 2 ·ln2 (3/2) do ⊲ Perceptron mistake bound

Set𝑚 ← 0.

if q ∈ H− (h̃, 𝜔) then make Perceptron update of (h̃, 𝜔) on q
with label −; set𝑚 ←𝑚 + 1.

if 𝜿𝜙 ∈ H+ (h̃, 𝜔) then make Perceptron update of (h̃, 𝜔) on
𝜿𝜙 with label +; set𝑚 ←𝑚 + 1.

for subsets 𝐷𝜙 ⊆ A𝜙 such that |𝐷𝜙 | = 𝑐 do
Let 𝑃 be the polytope created by halfspaces of A𝜙 \𝐷𝜙

and H− (h̃, 𝜔) .
if 𝑃 ≠ ∅ then make Perceptron update of (h̃, 𝜔) on
z ∈ 𝑃 with label +; set𝑚 ←𝑚 + 1.

if𝑚 ≠ 0 then increase mistake counter𝑀 ← 𝑀 +𝑚.

else return (h̃, 𝜔)

𝜿★
𝜽★

p
p★

Figure 2: Pictorial representation of the computation
of a valid, separating cut. All points inside conv(P(𝑐))
(horizontal-line pattern) have undesirability at most (𝑑 +1)𝑐.
Point q has undesirability at least 2𝑑 (𝑑 + 1)𝑐 + 1. Sampling
points from the spherical cap of the magenta ball (vertical-
line pattern) gives a big enough margin for Perceptron. The
black, solid line corresponds to the valid separating cut.

Indeed, we can lower bound the probability that q belongs to the

spherical cap that is illustrated by the vertical-line-patterned region
in Figure 2, which is appropriately close to p★ (i.e., far enough to

guarantee a margin but close enough to guarantee proximity to 𝜿★).

5
Such a point can be computed efficiently by normalizing B𝐿𝜙 (p

★, Z ) to a unit ball

and then using the techniques presented in [6, Section 2.5].
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If the sampled q belongs to this spherical cap, then the Perceptron

algorithm terminates after 𝑂 (1/𝛾2) mistakes; otherwise the whole

process repeats. This bounds the number of iterations of the outer

while loop and thereby also the running time. A technical novelty

is that we use the mistake bound of the Perceptron
6
algorithm as a

witness in order to guarantee that we have sampled an appropriate

q rather than as a way to directly bound regret.

3.2 Adapting to an Unknown Corruption Level
We now outline the algorithm when the corruption level 𝐶 is un-

known, called CorPV.AI. Due to its cumbersome notation, we defer

its formal statement to the full version. This section extends ideas

from [28] for multi-armed bandits to contextual search which poses

an additional difficulty as the search space is continuous. This is not

as straightforward as a doubling trick for the unknown 𝐶 , as both

the loss and the corruption 𝑐𝑡 are unobservable; doubling tricks

require identifying a proxy for the quantity under question and

doubling once a threshold is reached.

The basic idea is to maintain multiple copies of CorPV.Known,

which we refer to as layers. At every round, we decide which copy to
play probabilistically. Each copy 𝑗 keeps its own environment with

its corresponding epoch 𝜙 ( 𝑗) and knowledge set K𝑗,𝜙 ( 𝑗) . Smaller

values 𝑗 for the copies are less robust to corruption and we impose a

monotonicity property among them by ensuring that the knowledge

sets are nested, i.e.,K𝑗,𝜙 ( 𝑗) ⊆ K𝑗 ′,𝜙 ( 𝑗 ′) for 𝑗 ≤ 𝑗 ′. This allows more

robust layers to correct mistakes of less robust layers that may

inadvertently eliminate 𝜽★ from their knowledge set.

More formally, we run log𝑇 parallel versions of the 𝑐-known-

corruption algorithm with a corruption level of 𝑐 ≈ log(𝑇 ). At the
beginning of each round 𝑡 , the algorithm randomly selects layer

𝑗 with probability 2
−𝑗

and executes the layer’s algorithm for this

round. Since the adversary does not know the randomness in the

algorithm, this makes layers 𝑗 with 𝐶 ≤ 2
𝑗
robust to corruption

level of 𝐶 . The reason is that the expected number of corruptions

occurring at layer 𝑗 is at most 1 and, with high probability, less

than log𝑇 which is accounted by the 𝑐 = log𝑇 upper bound on

corruption based on which we run CorPV.Known on this layer.

However, there is a problem: all layers with𝐶 > 2
𝑗
are not robust

to corruption of 𝐶 so they may eliminate 𝜽★ and, to make things

worse, the algorithm follows the recommendation of these layers

with large probability. As a result, we need a way to supervise their

decisions by more robust layers. To achieve that, we use nested

active sets; when the layer 𝑗𝑡 selected at round 𝑡 proceeds with a

separating cut on its knowledge set, we also make the same cut

on all less robust layers 𝑗 ′ < 𝑗𝑡 . This allows non-robust layers

that have eliminated 𝜽★ from their knowledge set to correct their

mistakes by removing the incorrect parameters of their version

space that they had converged to from their knowledge sets.

There are two additional points that arise in the contextual search

setting. First, the aforementioned cut may not make enough volu-

metric progress in the knowledge sets of layers 𝑗 ′ < 𝑗𝑡 . As a result,

we only move to the next epoch for layer 𝑗 ′ if its centroid is removed

6
The use of Perceptron is not mandated to find a separating hyperplane between

the landmark and conv(P (𝑐)) . In fact, one of the STOC’21 reviewers proposed an

approach that builds on our construction but, instead of using Perceptron and spherical-

cap arguments, creates 2𝑑 appropriate convex programs in order to identify the sepa-

rating hyperplane. We discuss the proposed algorithm in the full version.

from the knowledge set or another change discussed in Section 3.3

is triggered. Second, with respect to exploit queries, we want to

make sure that we do not keep confidence on non-robust layers, so

we follow the exploit recommendation of the largest layer 𝑗 ≥ 𝑗𝑡
that has converged to exploit recommendation in this direction, i.e.,

𝑤 (K𝑗,𝜙 ( 𝑗) ) ≤ Y. This eventually allows us to bound the regret from

all non-robust layers by the smallest robust layer ⌈log𝐶⌉.

3.3 Remaining Components of the Algorithm
The presentation of the algorithm until this point has disregarded

some technical parts, which we highlight in this section.

Centroid versus approximate centroid. Computing the cen-

troid 𝜿★ of a convex body K is #P-hard, so instead, algorithm

CorPV.Known (and all the subroutines it calls) uses approximate
centroids which can be efficiently approximated [27]. This approxi-

mate centroid is close enough to the actual one so that the regret

computations are not affected.

Cylindrification, small, and large dimensions. To facilitate re-
lating the volume progress to a bound on the explore queries, similar

to [27], we keep two sets of vectors/dimensions 𝑆𝜙 and 𝐿𝜙 whose

union creates an orthonormal basis. The set 𝑆𝜙 has small dimen-
sions s ∈ 𝑆𝜙 with width𝑤 (K𝜙 , s) ≤ 𝛿 for 𝛿 := Y

4(𝑑+
√
𝑑)
. The set 𝐿𝜙

is any basis for the subspace orthogonal to 𝑆𝜙 , with the property

that ∀l ∈ 𝐿𝜙 : 𝑤 (K𝜙 , l) > 𝛿 . When an epoch ends, sets 𝑆𝜙 and

𝐿𝜙 are updated together with the knowledge set K𝜙 according to

CorPV.EpochUpdates. If the new direction h̃ of the separating cut

projected to the large dimensions has width 𝑤 (Π𝐿𝜙K𝜙+1, h̃) ≤ 𝛿 ,

we add it to 𝑆𝜙+1 and we update 𝐿𝜙+1 to keep the invariant that no

large dimension has width larger than 𝛿 ; see the full version for the

formal description of CorPV.EpochUpdates.

Overall, the potential function we use to make sure that we make

progress depends on the projected volume of the knowledge set on

the large dimensions 𝐿𝜙 , as well as the number of small dimensions

𝑆𝜙 . Sets 𝑆𝜙 and 𝐿𝜙 serve in explaining which dimensions are iden-

tified well enough so that we can focus our attention on making

progress in the remaining dimensions.

In algorithm CorPV.Known.Simple we have assumed that all

operations and conditions are done/taken directly on the knowledge

setK𝜙 . This is not precisely true. In reality, all operations/conditions
are done/taken on a variant of set K𝜙 , called the cylindrification
of the set, which creates a box covering the knowledge set and

removes the significance of the small dimensions. This is also done

in the algorithm ProjectedVolume of Lobel, Paes Leme, and Vladu

[27]. Formally, the Cylindrification of a set is defined below.

Definition 3.2 (Cylindrification, Definition 4.1 of [27]). Given a set
of orthonormal vectors 𝑆 = {s1, . . . , s𝑛}, let 𝐿 = {u|⟨u, s⟩ = 0;∀s ∈ 𝑆}
be a subspace orthogonal to span(𝑆) and Π𝐿K be the projection of
convex set K ⊆ R𝑑 onto 𝐿. We define:

Cyl(K, 𝑆) =
{
z +

𝑛∑
𝑖=1

𝑏𝑖s𝑖
���z ∈ Π𝐿K, min

𝜽 ∈K
⟨𝜽 , s𝑖 ⟩ ≤ 𝑏𝑖 ≤ max

𝜽 ∈K
⟨𝜽 , s𝑖 ⟩

}
.

Byworkingwith the Cylindrification Cyl(K𝜙 , 𝑆𝜙 ) (Definition 3.2)
rather than the original set of small dimensions 𝑆𝜙 , we can ensure

that we make queries that make volumetric progress with respect

to the large dimensions, that have been less well understood. This
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is also the reason why the landmark p★ that we identify lives in

the large dimensions while also being close to the centroid 𝜿𝜙 .

Exploit queries for different loss functions. When the width

of the knowledge set on the direction of the incoming context is

small, i.e.,𝑤 (K𝜙 , x𝑡 ) ≤ Y, we proceed with an exploit query. This

module evaluates the loss of each query 𝜔 with respect to any

parameter that is consistent with the knowledge set, i.e., 𝜽★ ∈ K𝜙 .
It then employs a min-max approach by selecting the query 𝜔𝑡 that

has the minimum loss for the worst-case selection of 𝜽 ∈ K𝜙 .

ALGORITHM 4: CorPV.Exploit
Parameters: x𝑡 , K𝜙

Compute query point 𝜔𝑡 = min𝜔∈Ω max𝜽∈K𝜙 ℓ (𝜔, ⟨𝜽 , x𝑡 ⟩, ⟨𝜽 , x𝑡 ⟩)
return 𝜔𝑡

For the Y-ball loss, any query point 𝜔𝑡 = ⟨x𝑡 , 𝜽 ′⟩ with 𝜽 ′ ∈ K𝜙
results in loss equal to 0; this is what ProjectedVolume also does

to achieve optimal regret for the Y-ball loss function.

Moving to the pricing loss and assuming that the query point

is 𝜔𝑡 = ⟨x𝑡 , 𝜽 ⟩ for some 𝜽 ∈ K𝜙 , although the distance of 𝜽★ to

hyperplane (x𝑡 , 𝜔𝑡 is less than Y, there is a big difference based

on which side of the hyperplane 𝜽★ lies in (i.e., whether 𝜽★ ∈
H+ (x𝑡 , 𝜔𝑡 ) or not). Specifically, if𝜔𝑡 > ⟨x𝑡 , 𝜽★𝑡 ⟩ then a fully rational
agent does not buy and we get zero revenue, thereby incurring a

loss of ⟨x𝑡 , 𝜽★⟩. However, querying 𝜔★ = ⟨x𝑡 , 𝜽★⟩ would lead to a

purchase from a fully rational agent, and hence, to a pricing loss of

0.
7

One way to deal with this discontinuity is by querying point

𝜔𝑡 with 𝜔𝑡 = ⟨x𝑡 , 𝜽★⟩ − Y, as the value of the fully rational agent

is certainly above this price. For the behavioral model of bounded

rationality, even if we know 𝜽★, for the pricing loss, we should select
a slightly smaller price to account for the noise and the definition

of 𝜔𝑡 takes into account the distributional information about the

noise of the behavioral model.

Computational complexity.Wefinally discuss the computational

complexity of our algorithm. From Algorithm 3, checking whether

the protected region is contained in the positive halfspace of the Per-

ceptron hyperplane requires going over all

( |A𝜙 |
𝑐

)
ways to remove

𝑐 hyperplanes and checking whether the resulting region intersects

the negative halfspace (if this happens, then points with misclassi-

fication of at most 𝑐 may be misclassified). This suggests a running

time that is exponential in 𝑐 . Fortunately, to handle the unknown

corruption or the other intricacies in our actual behavioral model

beyond the 𝑐-known-corruption, we only run this algorithm with

𝑐 ≈ log(𝑇 ). As a result, the final running time of our algorithms is

quasi-polynomial in 𝑇 .

4 CONCLUSION
In this paper, we initiated the study of contextual search under

adversarial noise models, motivated by pricing settings where some

agents may act irrationally, i.e., in ways that are inconsistent with

respect to the underlying ground truth. Although classical algo-

rithms may be prone to even a few such agents, we attained the

7
This discontinuity in pricing loss poses further complications in extending our gradi-

ent descent algorithm to this loss as we discuss in the full version.

logarithmic (uncorrupted) regret guarantee, while degrading grace-

fully with the number 𝐶 of irrational agents.

Our work opens up two fruitful avenues for future research. First,

the regret in both of our algorithms is sublinear when 𝐶 = 𝑜 (𝑇 )
but becomes linear when 𝐶 = Θ(𝑇 ). Designing algorithms that can

provide sublinear regret against the ex-post best linear model, in

the latter regime, is an exciting direction of future research and

our model offers a concrete formulation of this problem. Second,

our algorithm which attains the logarithmic guarantee has a re-

gret of the order of 𝐶𝑑3
poly log𝑇 . Improving the dependence on

𝑑 is an interesting open direction. After a sequence of papers, this

dependence is now optimized when all agents are fully rational

[11, 26, 27, 33].

FULL VERSION
The full version of the paper can be found on the following ArXiv

link: https://arxiv.org/abs/2002.11650. The STOC’21 peer-reviewed

version is: https://arxiv.org/abs/2002.11650v3.
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